Analysis serves many roles in the Active Aeroelastic Wing (AAW) program. It has been employed to ensure safe testing of both a flight vehicle and wind tunnel model, has formulated models for control law design, has provided comparison data for validation of experimental methods and has addressed several analytical research topics. Aeroelastic analyses using mathematical models of both the flight vehicle and the wind tunnel model configurations have been conducted. Static aeroelastic characterizations of the flight vehicle and wind tunnel model have been produced in the transonic regime and at low supersonic Mach numbers. The flight vehicle has been analyzed using linear aerodynamic theory and transonic small disturbance theory. Analyses of the wind-tunnel model were performed using only linear methods. Research efforts conducted through these analyses include defining regions of the test space where transonic effects play an important role and investigating transonic similarity. A comparison of these aeroelastic analyses for the AAW flight vehicle is presented in this paper. Results from a study of transonic similarity are also presented. Data sets from these analyses include pressure distributions, stability and control derivatives, control surface effectiveness, and vehicle deflections.
Nomenclature α = angle of attack C L = lift coefficient C N = normal force coefficient C p = pressure coefficient X = transonic similarity parameter ∆C p = delta pressure coefficient = C p (lower)-C p (upper) δLEO = leading edge outboard control surface δTEO = trailing edge outboard control surface or aileron
I. Introduction
The Active Aeroelastic Wing (AAW) program is a cooperative effort among NASA, the Air Force Research Laboratory and the Boeing Company 1 . The program objective is to develop technologies that will allow for the favorable use of aeroelastic properties of a flexible wing aircraft. AAW research has developed and applied highly flexible, actively controlled wing concepts. These concepts utilize traditional aircraft control surfaces such as ailerons and leading edge flaps to twist a flexible wing and thus maneuver the aircraft. The program consists of flight testing, wind tunnel testing and analyses.
Static aeroelastic analyses using mathematical models of both the flight vehicle and the wind tunnel model configurations have been conducted. Linear aerodynamic predictions, although highly successful in the subsonic and supersonic regimes, normally cannot be used to predict transonic aeroelastic behavior accurately. Transonic flow equations capable of modeling flow nonlinearities (shocks, boundary layer, separation, and vorticity) and boundary conditions that induce nonlinear effects (airfoil thickness and shape and large deflections) are required for accurate aerodynamic predictions in the transonic regime. The Computational Aeroelasticity Program-Transonic Small Disturbance code (CAP-TSD) 2 was developed at the NASA Langley Research Center (LaRC). CAP-TSD is capable of analyzing configurations that have multiple lifting surfaces with control surfaces, bodies, vertical surfaces and a fuselage and solves the TSD equation using an efficient approximation factorization scheme. As implemented for the present study, CAP-TSD is inviscid, so results include the effects of shape and shocks, but not boundary layer, separation or vorticity effects.
The goal of this study was to perform linear and non-linear static aeroelastic analyses of the AAW Flight vehicle. Linear static aeroelastic analyses was conducted with MSC NASTRAN and non-linear static aeroelastic analyses was performed using CAP-TSD. Static aeroelastic characterizations of the flight vehicle were produced in the transonic regime and at low supersonic Mach numbers. Research efforts conducted through these analyses include defining regions of the test space where transonic effects play an important role and investigating transonic similarity. Included are a few comparisons with flight test data.
The NASTRAN results include the effects of compressibility, surface twist and surface camber for the complete flight vehicle configuration. The CAP-TSD results are for only a wing and tip launcher configuration. Linear CAP-TSD includes the effects of compressibility, surface twist and surface camber. Nonlinear CAP-TSD, in addition to the effects included in linear CAP-TSD, includes the effects of shocks.
II. Linear Aeroelastic Analyses
The Boeing Aircraft Company furnished the AAW Flight Vehicle Finite Element Model (FEM) that was used for the MSC NASTRAN linear structural and aeroelastic analysis described in this paper. Figure 1 presents an image of the structural model.
Figure 1. Structural Finite Element Model of the AAW Flight Vehicle.
Although the FEM was furnished as a left-hand semi-span model, the assumption of symmetry applies when comparing the NASTRAN aeroelastic results to the CAP-TSD aeroelastic results, generated from a right-handed semispan model. The FEM contains no true representation of the actual materials and structure as some FEMs do, but rather is a mathematically derived model which has been demonstrated to possess the correct overall geometry, stiffness and mass of the AAW flight vehicle. This FEM was also the basis for the AAW wind-tunnel model design, development and analysis performed at LaRC.
Linear static aeroelastic analyses were performed using MSC NASTRAN 3 . At subsonic conditions, a doublet lattice 4 aerodynamic model was employed. ZONA51 5 aerodynamic computations were performed at supersonic conditions. Figure 2 shows the aerodynamic layout used for both of these aerodynamic codes. Shown are the fuselage modeled as a flat plate, the wing, tip launcher, horizontal tail and vertical tail. It includes four control surfaces: two leading-edge control surfaces and two trailing-edge control surfaces. The aerodynamic boxes representing the control surfaces are shown in the figure as red-leading edge inboard, blue-leading edge outboard, green-trailing edge inboard, and gold-trailing edge outboard (aileron). The model contains 858 aerodynamic boxes. All NASTRAN output of stability and control derivatives and differential pressure coefficients presented are based on static aeroelastic trim solutions. Wing twist and camber were modeled using direct matrix input of the downwashes into NASTRAN 3 . 
III. Non-Linear Aeroelastic Analyses

Computational Procedures
The CAP-TSD code is a finite difference program that solves the general-frequency modified transonic small disturbance (TSD) potential equation 2 . This equation is solved by a time-accurate approximate factorization algorithm. The equations of motion for the structural dynamics are incorporated into the aeroelastic solution through interpolation of the vibration mode shapes. The aeroelastic equations of motion are written in a form such that they can be integrated with respect to time. For dynamic aeroelastic analysis, two steps are required to perform the calculations. The steady-state flow field is calculated to account for wing thickness, camber, mean angle of attack and static aeroelastic deformation. Thus, the starting flow field for the dynamic aeroelastic analysis is provided. In the case of the active aeroelastic wing, the primary interest lies in computation of the static aeroelastic solution.
The CAP-TSD computational model consists of a half-span wing-only model with a vertical plane of symmetry used for symmetric analyses. A launcher rail is included at the wing tip. The inboard portion of the wing extends to the aircraft centerline and there is no representation of the fuselage and tail surfaces.
The grid dimensions for the model are 122 x 83 x 81 in the x, y and z-directions, respectively, for a total of 820,206 grid points. The grid extends 6 root chords upstream, 7 root chords downstream, 2.6 semispan lengths in the y-direction and 6 root chords in both the positive and negative z-directions. Figure 3 shows part of the grid used in the CAP-TSD analyses. Only the grid details in the vicinity of the wing are shown. The wing border is shown in green. Splining the modeshapes proved challenging for this configuration because of the wing fold and other discontinuities. A method using Matlab 6 was devised to spline the modeshapes. A convergence study was performed to determine how many flexible modes would be required for performing an aeroelastic analyses. A total of forty-seven flexible modes were calculated from a NASTRAN modal analysis of the flight vehicle. Results were computed at Mach 0.95, 5000 feet and one degree angle of attack with all 47 modes, the lowest 10 flexible modes, and lowest 20 flexible modes. This flight condition was chosen because it is a difficult case at transonic conditions and high dynamic pressure. Figure 4 shows a comparison of the lift coefficients due to angle of attack for three different cases. The results show that twenty modes are sufficient for modal convergence. The CAP-TSD results presented in this paper used twenty modes.
Figure 4. Lift curve slope for modal convergence study
Solutions were computed over a range of angles of attack from -1.5 to 1.5 degrees in 0.5 degree increments and control surface deflections ranging from -1.5 to 1.5 degrees in 0.5 degree increments in order to obtain stability and control derivatives. This paper will present results of stability and control derivatives, converged wing deflection shapes and the corresponding pressure distributions using the NASTRAN method and the linear and nonlinear CAP-TSD methods.
IV. Results
The static aeroelastic solutions were calculated over a range of Mach numbers and dynamic pressures corresponding to the flight test and wind-tunnel test conditions. These conditions are shown in figure 5 . Results will be presented for linear NASTRAN analyses and both linear and non-linear CAP-TSD analyses. Results will be shown for stability and control derivatives, wing static deflection shapes, and corresponding static pressure distributions. The linear CAP-TSD analyses were performed only at 5000 feet and 10000 feet altitudes. The purpose of performing these analyses was to identify regions in the flight envelope where nonlinear effects became significant.
Figure 5. Flight test conditions corresponding to Analyses cases that were run.
A. Stability and Control Derivatives
Linear (NASTRAN) and non-linear CAP-TSD results were calculated for five different altitudes ranging from 5000 to 25000 feet. Lift and moment coefficient derivatives were calculated for angle of attack and all four control surfaces: leading edge inboard and outboard, trailing edge inboard and outboard (aileron). Results are presented for the lift derivatives due to angle of attack and due to leading edge outboard and aileron.
For clarity, results will be compared in the groups shown in Table 1 .
Table 1. Stability and Control Derivatives to be compared
Results Altitude (1000 ft) Figure  NASTRAN The combined effect of Mach number and altitude are clearly seen. At a specific Mach number the altitude effect also corresponds to an effect of dynamic pressure. The effect of altitude is greater for the supersonic conditions than for the subsonic conditions. The lift coefficient due to angle of attack increases in the supersonic region with decreased altitude due to aeroelastic reshaping. The lift coefficient due to angle of attack increases with increasing decreasing altitude. The lift coefficient due to leading edge control surface decreases with increasing Mach number into the transonic region and then increases again with supersonic Mach numbers. The lift coefficient due to leading edge outboard control surface decreases with decreasing altitude which corresponds to an increase in dynamic pressure. Based on the actual values of the data (negative) the leading edge control surface actually increases in effectiveness. The aileron control surface effectiveness shown by lift coefficient due to aileron (trailing edge outboard control surface) decreases in the transonic region until it actually reverses at approximately Mach 0.9 at 5000 feet. The control surface effectiveness decreases with decreasing altitude. The non-linear stability and control results are shown in figure 9 at all 5 altitudes. The lift coefficient due to angle of attack is less sensitive to altitude than the linear results. The values peak in the transonic region at approximately Mach 0.9. The leading edge outboard effectiveness increases in the transonic region and then decreases in the supersonic region. The lift coefficient due to aileron decreases at transonic conditions. Figure 11 shows the aeroelastic shape for the NASTRAN linear results and the corresponding pressure distribution. The deflection shape shown in figure 11a is predominately wing bending with some wing twist leading edge down with most of the deformation at the leading edge outboard control surface. The corresponding pressure distribution is shown in figure 11b . Although the model incorporated the entire flight vehicle only the pressures on the wing and launcher are shown.
The deflection shape and the corresponding pressures are shown for linear CAP-TSD in figure 12. The deflection shape shows predominantly bend down with most of the bending at outboard of the wing fold. There is also some wing twist at the outboard section. The corresponding pressure distribution in figure 12b shows some local phenomenon but is very similar to the linear NASTRAN results shown in figure 11b. The deflection shape and the corresponding pressures are shown in figure 13 for the CAP-TSD non-linear method. The deflection shape shows almost identical deflection shape to linear CAP-TSD results. The corresponding pressure distribution in figure 13b shows some local phenomenon but is basically very similar to the linear results shown in figure 12b and 11b. At this Mach number, a shock has not yet formed. The results for a supersonic case at Mach 1.1, 10000 feet altitude, and an angle of attack of 0 degrees are presented in figures 14-16. Figure 14 shows the aeroelastic shape for the NASTRAN linear results and the corresponding pressure distribution (using ZONE51 theory). The deflection shape shown in figure 14a has some wing bending down and some nose-down wing twist. The corresponding pressure distribution is shown in figure  14b .
The deflection shape and the corresponding pressures are shown in figure 15 for the CAP-TSD linear method. The deflection shape shows bend down and twist down at the outboard. The corresponding pressure distribution in figure 15b shows some local phenomenon but is very similar to the linear results shown in figure 14b .
The deflection shape and the corresponding pressures are shown for non-linear CAP-TSD in figure 16 . The deflection shape shows predominantly bend down. The magnitudes of the deflection are substantially less than the linear deflections. The corresponding pressure distribution in figure 16b shows some local phenomenon but is very similar to the linear results shown in figure 15b . At Mach 1.1 linear theory (NASTRAN ZONA51 and CAP-TSD linear) predict much stronger leading-edge pressures than nonlinear CAP-TSD. Based on the derivatives presented previously, the lower non-linear pressures predicted by nonlinear CAP-TSD are more representative of the experimental data. C. Transonic Similarity An important part of the AAW program is the comparison of flight test data and wind tunnel test data. This required design, and fabrication of a scaled wind tunnel model, tested at scaled conditions. The dynamic pressure was scaled based on static aeroelastic similarity considerations; the Mach number was scaled based on transonic similarity 8 -9 requirements.
. Compressible, inviscid, small disturbance potential flow equations indicate that the shock location and strength for identical Mach numbers will be different in gases due to differences in ratios of specific heat, γ. In the case of the AAW program, the flight test data was acquired in air, γ = 1.4, while the wind tunnel test data was acquired in R134a, γ=1.11. To maintain similarity of the pressure distributions, the Mach number is adjusted such that the transonic similarity parameter, X, is maintained. The definition of the transonic similarity parameter is shown in equation 1.
It should be kept in mind that as viscous effects become more dominant in the flow field of an experiment, this similarity requirement becomes less valid because it is based on inviscid flow equations.
The wind tunnel test Mach numbers were determined by applying the transonic similarity condition. Table 2 shows the transonically similar Mach numbers for test data to be acquired in the wind tunnel test medium, R134a. The projected impact on the resulting pressure distributions was examined utilizing two different approaches. The first was a purely analytical approach using CAP-TSD analyses of the flight vehicle. The second was using experimental wind-tunnel test data.
The analytical results are described first. Analyses were performed at the nominal test Mach numbers using the properties of air and R134a and at the transonically similar Mach numbers in R134A. The upper and lower surface static aeroelastic pressures are shown in figure 16 for one wing semispan location. The first set of data are shown in red for a nominal Mach number of 0.9 and an angle of attack of 2 degrees. It is clear that at this Mach number, there is mixed flow resulting in a shock on the upper surface of the wing at approximately 65% chord. The red line indicates pressure distribution for Mach 0.9 in air. The solid black line corresponds to Mach 0.9 in R134A. Using the same Mach number in heavy gas results in a weaker shock that is forward at approximately 60% chord. If the Mach number in R134A is increased to the transonically similar Mach number of 0.907 the shock moves aft and becomes stronger and more closely approximates the pressure distribution of Mach 0.9 in air. These results show clearly the need for using transonic similarity to obtain matched pressure distributions.
The normal coefficients for these cases are shown in figure 17 . Two distinct sets of data are provided at these conditions. The first set, on the left sid of the plot, contains results from rigid analyses. The results for the transonically similar conditions -air at Mach 0.9 and R134A at Mach 0.907 -are identical. B y contrast the results for matched Mach numbers -air at Mach 0.9 and R134A at Mach 0.9 -are significantly different. Because the results are for a rigid vehicle, they demonstrate the isolated impact of maintaining transonic similarity.
Shown at the right of figure 17 are aeroelastic results for the flexible vehicle which give the combined impact of transonic similarity and dynamic pressure effect. The figures show that improved loads and pressure distributions are achieved using transonically similar Mach numbers. 
Figure 17. Comparison of normal coefficients.
A second illustration of transonic similarity was produced using experimental wind tunnel test data at a slightly lower Mach number. The wind-tunnel test condition in air was Mach 0.890. The transonically similar condition was Mach 0.898 in R134.
The goal was to be able to test at these conditions an angle of attack of 2 degrees. The actual measured conditions are shown in table 3. Figure 18 shows the measured upper and lower surface experimental pressure coefficients at two wing semispan locations: 87% and 42%. On each plot, solid connecting lines indicate upper surface pressures, while dashed connecting lines indicate lower surface pressures. The three different conditions are shown using different colors and line styles, as indicated in the legend.
The air condition at Mach 0.89 is shown with the black circles. As indicated in the figure there is a weak shock on the upper surface at approximately 35-40% chord for the 87% wing span location. Testing at approximately the same Mach number in R134A, the shock moves forward and becomes weaker. Increasing the Mach number in R134A to the transonically similar Mach number of 0.90 returns the shock to the aft chord location. The pressure distributions for the transonically similar Mach numbers are very similar, although there is an almost constant offset in magnitude. The reason for this offset is unknown and is undergoing further study.
Equivalent Mach numbers in both media produce almost identical pressure distributions over 60% of the chord. The chordwise pressure distribution for transonically similar Mach numbers differ more from each other than the pressure distributions for the equivalent Mach number over this wing section.
The experimental results do not present as straightforward an example of the importance of maintaining transonic similarity as shown by the analytical results. Potential reasons and issues with the experimental data are pressure sensor accuracy, lack of smoothness of the airfoil, hinge line discontinuities, and test conditions that cannot be matched exactly. These sources of discrepancy make it difficult to assess transonic similarity at these conditions.
The measured normal coefficients at these test conditions are provided in figure 19 . These clearly show that using transonically similar conditions results in improved loads correlation. 
Concluding Remarks
The goal of this paper was to present results of linear and non-linear aeroelastic analyses of the AAW Flight vehicle in support of the AAW flight test program. The main reason was to determine when non-linear analyses are required and linear analyses are insufficient. This paper has presented results and comparisons of stability and control derivatives, pressure distributions and aeroelastic shapes for flight test conditions in the subsonic and low supersonic ranges with variations in dynamic pressure. The analyses and comparisons with experimental data have shown that linear analysis is helpful but inadequate for transonic conditions studied in the AAW program. The nonlinear CAP-TSD, even for a simplified configuration, improves the predictions. Further analyses with full configurations and even higher-order aeroelastic codes along with additional wind-tunnel data reduction may be desirable.
